Abstract. The goal of this paper is the study of simple rank 2 parabolic vector bundles over a 2-punctured elliptic curve C. We show that the moduli space of these bundles is a non-separated gluing of two charts isomorphic to P 1 × P 1 . We also showcase a special curve Γ isomorphic to C embedded in this space, and this way we prove a Torelli theorem. This moduli space is related to the moduli space of semistable parabolic bundles over P 1 via a modular map which turns out to be the 2:1 cover ramified in Γ. We recover the geometry of del Pezzo surfaces of degree 4 and we reconstruct all their automorphisms via elementary transformations of parabolic vector bundles.
Introduction
Let X be a smooth projective curve over C and T = t 1 + · · · + t n a reduced divisor on X. A rank 2 parabolic bundle (E, p = (p 1 , . . . , p n )) over (X, T ) consists in a rank 2 vector bundle E over X together with 1-dimensional linear subspaces p i of the fiber E ti of t i for i = 1, . . . , n. If X is hyperelliptic, we can study the relation between parabolic bundles over X and over its hyperelliptic quotient. The case g = 0 is explored in [10] , and the case g = 2, building on [5] and [4] , is developed in [8] . Here we investigate the elliptic case.
We are interested in three notions associated to these objects: indecomposability, simplicity and stability. A parabolic bundle is indecomposable if it cannot be written as a sum of two parabolic line bundles, and simple if it does not admit non-scalar automorphisms (preserving parabolic directions). Let µ = (µ 1 , . . . , µ n ) ∈ [0, 1] n be a vector of weights. By definition, a parabolic bundle E = (E, p) is µ-semistable if, for every line subbundle L ⊂ E, we have
We say that the bundle E is µ-stable when the inequality is strict for every L. The scalar ind µ (E, L) is the µ-parabolic degree of (E, p).
These three notions coincide when the curve is the projective line (see [11] ), but they are different for curves of higher genus. In this paper, we study the case of an elliptic curve C with a divisor T = t 1 + t 2 of degree 2. We show that, in this situation, µ-stability implies simplicity and simplicity implies indecomposability:
µ-stable =⇒ simple =⇒ indecomposable.
We also show that every simple bundle is µ-stable for some µ. Thus, the set of simple parabolic bundles is the union of the different sets of µ-stable bundles when µ varies. In Section 4 we describe explicitely the moduli spaces of µ-semistable bundles. We prove the following Theorem:
Theorem A. The moduli space Bun µ O (C, T ) of µ-semistable parabolic bundles with fixed determinant is isomorphic to P 1 × P 1 .
For µ 1 = µ 2 , every µ-semistable bundle in this moduli space is µ-stable. For µ 1 = µ 2 , we have a strictly µ-semistable locus Γ ⊂ Bun µ O (C, T ), which is a bidegree (2, 2) elliptic curve in P 1 × P 1 . We show that this locus contains the initial data (C, T ), equivalent to the data of a degree 4 reduced divisor D and a point t ∈ D in P 1 . This is proved in the following Theorem of Torelli type, where we consider all curves smooth:
Theorem B. The curve Γ is isomorphic to C, and we can recover the divisor T from the embedding Γ ⊂ P 1 ×P 1 . Let G = PGL(2)×PGL (2) . There exist one-to-one correspondences between the following sets: ← −− → 4 + 1-punctured rational curves
The space of weights µ is divided in two chambers C < and C > with associated moduli spaces Bun Bun O (C, T ) = X < X > ∼ which parametrizes the set of simple parabolic bundles on (C, T ). Let D be a reduced divisor on P 1 of degree 5. In [11] , the authors construct the full coarse moduli space Bun −1 (P 1 , D) of rank 2 indecomposable parabolic vector bundles over (P 1 , D) as a patching of projective charts. These charts are moduli spaces Bun ν −1 (P 1 , D) of ν-semistable bundles for specific weights ν. Thus, when we move weights from one chamber to another, we change between the charts.
One of these charts is isomorphic to the projective plane P 2 . We have five points in this chart, namely four points D i for i = 0, 1, λ, t; and a special point D t . Moving weights, we change to the chart S, which is the blow-up of P 2 in these five points. This chart is by definition a del Pezzo surface of degree 4 (recall that a del Pezzo surface of degree d is a blow-up of the plane in 9 − d points).
We construct a 2:1 modular map
This map is the 2:1 cover of P 1 × P 1 ramified over the curve Γ. We give a modular interpretation of the geometry of this covering. We start by studying the automorphism τ of S induced by Φ. This map is the lift of a de Jonquières automorphism of the projective plane. More precisely, it is the lift of a birational transformation of P 2 preserving the pencil of lines passing through D t and the pencil of conics passing through the four points D i . Then, we show that the group Aut(P 1 × P 1 , Γ) of automorphisms of P 1 × P 1 preserving Γ is generated by three involutionsσ 0 ,σ 1 and φ T commuting pairwise. These involutions are modular, in the sense that correspond to natural parabolic bundle transformations. They lift to automorphisms σ 0 , σ 1 and ψ T of S.
These involutions allow us to reinterpret the group Aut(S) of automorphisms of S in modular terms:
Theorem C. The group Aut(S) is generated by the involutions σ k , ψ T and τ .
These automorphisms are completely characterized by their action on a set Ω, which is the union of the following geometric elements in P 2 : the five points D i , the ten lines Π ij passing by D i and D j and the conic Π passing by all the points D i . We compute explicitely this action and the coordinate expression for each involution.
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GIT moduli spaces and elementary transformations
In this Section, we recall the definitions of the main objects and maps that appear in this paper. These are moduli spaces of rank 2 parabolic vector bundles over (X, T ) and elementary transformations of parabolic vector bundles.
2.1. The GIT moduli space of parabolic vector bundles. The coarse moduli space Bun µ L (X, T ) of µ-semistable parabolic bundles of determinant L over (X, T ) is a separated projective variety. The subset of µ-stable points is Zariski open and smooth, and the boundary is the µ-strictly semistable locus, containing the singular part (see [14] , [3] , [13] , [15] , [9] and [2] ).
Let (E, p) be a rank 2 parabolic bundle over (X, T ) and
With this notation, we have that
In particular, E is µ-semistable if, and only if, slope(E) ≥ slope(L) for every parabolic line subbundle L, the strict inequality corresponding to µ-stability. Let E be µ-semistable of rank 2. A Jordan-Hölder filtration is a sequence
such that slope(L) = slope(E). This sequence is not canonical, but the graded bundle grE = L⊕ (E/L) is canonical. The moduli space Bun µ L (X, T ) is constructed by identifying bundles E and E ′ if grE ∼ = grE ′ as holomorphic parabolic bundles. We say then that E and E ′ are in the same s-equivalence class (see [14] and [3] ).
From now on, we will write Bun
Elementary transformations.
We recall the fundamental properties of elementary transformations of parabolic vector bundles. For a more complete reference, see [12] , [8] , [10] or [7] . Let P(E, p) be the projectivization of the parabolic bundle (E, p). It consist of the projective bundle PE together with a parabolic point p i in the fiber F of each t i . The elementary transformation elm ti of P(E, p) is a birational transformation of the total space tot(PE): it is the blow-up of the point p i ∈ PE followed by the contraction of the total transformF of the fibre F . The point resulting from this contraction gives the new parabolic direction p ′ i .
In the vectorial setting (E, p), we have two transformations which coincide projectively with the above definition: the positive elementary transformation elm + ti and the negative elementary transformation elm − ti . We recall their properties in the following Proposition: Proposition 2.1. Let (E, p) be a parabolic bundle over (X, T ). Then, the parabolic bundle (E ′ , p ′ ) = elm + ti (E, p) satisfies the following properties:
•
• If L ⊂ E is a line subbundle not passing by p i , its image by elm
For the negative elementary transformation, the parabolic bundle
From this Proposition, we obtain
. . , µ n ). Therefore, an elementary transformation is a class of isomorphisms, well-defined between the corresponding moduli spaces:
The inverse map is elm − ti , and the composition elm
We denote by elm * T ′ the composition elm *
, where
Tensoring by a line bundle M gives the twist automorphism 
Rank 2 indecomposable vector bundles over elliptic curves
Let X = C be the elliptic curve defined by the equation y 2 = x(x − 1)(x − λ) and π : C → P 1 be the elliptic cover (x, y) → x. Let w i be the four preimages of the points i = 0, 1, λ, ∞ via π.
3.1. The 2-torsion group. Every degree 0 line bundle on C is of the form L = O(p − w ∞ ). Among these, we have the four torsion bundles
corresponding to the Weierstrass points w k on C, for k ∈ ∆ = {0, 1, λ, ∞}. The torsion bundles satisfy L 2 k = O. These bundles constitute the 2-torsion group T of Jac(C). Let q ∈ C be a point. We define an involution ι q : C → C as follows: for every p ∈ C, ι q (p) is the unique point in C satisfying the following equation of linear equivalence:
The group T acts on Jac(C) by tensor product of line bundles. Each element L k of T thus induces an involution on Jac(C), and therefore also on C. We have the following description:
There exists an automorphism β k of P 1 such that the following diagram commutes:
If k = ∞, β k is the identity map. For k ∈ ∆ \ {∞}, β k is the unique automorphism of P 1 permuting the points in the pairs {k, ∞} and ∆ \ {k, ∞}. More precisely, we have:
The group law on C implies that q, w k and ι w∞ (p) are collinear in the projective model P 2 of affine coordinates (x, y). This implies q = ι w k • ι w∞ (p). Since the hyperelliptic involution ι w∞ and the twist ι w k • ι w∞ commute for all k, the map β k is well defined.
The set W := {w 0 , w 1 , w λ , w ∞ } is invariant under the map ι w k • ι w∞ . Since points w k in C are projected by π to points k in P 1 for k ∈ ∆, the map β k is as described.
3.2. Indecomposable rank 2 vector bundles over C. The classification of vector bundles E of rank 2 over C was achieved by Atiyah in [1] . In this Section we recall some of his results. For a fixed determinant, the set of these bundles is parametrized by the Jacobian of C. Let E 0 , E 1 be the unique non trivial extensions given by exact sequences
We have the following result: (6) Let T = t 1 + t 2 be a reduced divisor in C. Consider the following set of parabolic bundles over (C, T ):
The group of automorphisms of E 0 modulo scalar automorphisms acts transitively and freely on this set.
Remark. By (3), E 1 only admits scalar automorphisms. On the other hand, multiplication by torsion line bundles give the automorphisms of the projectivisation bundle PE 1 . In contrast, E 0 admits nonscalar automorphisms. In fact, for every line bundle L of degree −1 and every parabolic bundle in P 1 , there is a unique inclusion L ⊂ E 1 such that L passes by both parabolic directions p 1 and p 2 .
The geometry of PE 1 . Let us fix a point p ∈ C and a line bundle L ∈ Jac(C). By (3) in Theorem 3.2, L is a subbundle of E 1 and the inclusion is unique (up to scalar multiplication). This inclusion thus defines a single parabolic direction m p (L) in the fiber E 1 | p of p. Hence, we have a map
can be seen as a point in the fiber PE 1 | p of the projective bundle PE 1 . The line subbundle L ⊂ E 1 correspond to a cross-section s L of self-intersection +1 of this ruled surface. The following Proposition describes the geometrical situation of these cross-sections: for every point m in the fiber PE 1 | p there are generically two +1 cross-sections of PE 1 passing through m. 
The preimages of ramification points are the four line bundles M = O(q − w ∞ ) with ι p (q) = q. They satisfy
The associated cross-sections s L and s L ′ only intersect in m. In particular, the underlying bundle E of the image of the parabolic bundle
By the properties of elementary transformations, we have that det E = O(w ∞ + p), which implies q = ι p (q). Suppose that there is a third distinct line bundle L ′′ passing through m. Then, the projective bundle PE has three non crossing
is decomposable, which is absurd. This proves that the map m p is 2:1, and the four ramification points are the fixed points of the involution ι p .
3.3. The Tu isomorphism. We say that a rank 2 (non parabolic) vector bundle E over C is semistable (resp. stable) if it is µ-semistable (resp. stable) for µ = (0, . . . , 0). The moduli space Bun O (C) of semistable rank 2 vector bundles over C with trivial determinant is constructed in [16] .
The bundles represented in Bun O (C) are in fact all strictly semistable. They are the decomposable bundles L ⊕ L −1 , together with the indecomposable bundles E 0 ⊗ L k , with L k a torsion line bundle.
Theorem 3.4 (Tu, [16] ). The moduli space Bun O (C) is isomorphic to the quotient of Jac(C) by the hyperelliptic involution. More precisely, there is a canonical isomorphism
and π is the hyperelliptic cover. Moreover, we have
The forgetful map Bun
is defined in the obvious way:
The coarse moduli space of parabolic bundles over an elliptic curve
Let T = t 1 + t 2 be a reduced divisor on C. We can assume that the 2:1 cover π : C → P 1 satisfies π(t 1 ) = π(t 2 ) = t ∈ P 1 . In this Section, we describe the GIT moduli space Bun µ L (C, T ) of µ-semistable rank 2 parabolic bundles with parabolic directions over T and fixed determinant L. This moduli space depends on the choice of weights. More precisely, there is a hyperplane cutting out [0, 1] 2 into two chambers, and strictly µ-semistable bundles only occur along this wall. The moduli space Bun
is constant in each chamber, i. e. the set of parabolic bundles represented by each of its points does not vary.
While we are mostly interested in the trivial determinant case, it turns out that the computations are easier in the odd degree case. Therefore, we will first study the odd degree case and then translate our results to the even degree setting. 2 as the hyperplane µ 1 + µ 2 = 1. We will see that semistable bundles arise only when weights are in W . Let us start by listing µ-semistable and µ-stable bundles in W : Proposition 4.1. Let µ be weights in the wall W , with µ i = 0 for i = 1, 2. Then, the parabolic bundles represented in Bun µ w∞ (C, T ) are exactly the following:
• µ-stable bundles:
-(E 1 , m) with parabolic directions m not lying on the same subbundle L ∈ Jac(C).
• Strictly µ-semistable bundles:
-(E 1 , m) with parabolic directions m lying on the same subbundle L ∈ Jac(C).
with L ∈ Jac(C) and no parabolics lying on L −1 (w ∞ ).
Proof. By Theorem 3.2, the underlying vector bundle of an element of Bun µ w∞ (C, T ) is either decomposable or E 1 . The result follows from direct computation of the µ-parabolic degree of each bundle. Now we describe s-equivalence classes. Let Γ be the strictly µ-semistable locus. We have the following result: Theorem 4.2. Let µ be weights in the wall W . Then, the locus Γ ⊂ Bun µ w∞ (C, T ) is a curve parametrized by the Jacobian of C. More precisely, if 0 < µ 1 , µ 2 < 1, for each point L in Γ there exists a unique L ∈ Jac(C) such that L represents the following three isomorphism classes of parabolic vector bundles:
with both parabolic directions on the same L.
Proof. We claim that the three bundles above are all of the same s-equivalence class, i. e. they are all identified in a single point in the moduli space. Indeed, a Jordan-Hölder filtration for the first
, where (L, p ′ ) is the unique parabolic structure over (X, T ). The bundles (L, p ′ ) and E < (L) have equal slope 1. This gives the graded bundle
For the second configuration, we choose the filtration 0
and E > (L) are in the same sequivalence class. The second filtration works also for the bundle E = (L), hence this bundle is also identified with the previous two. From the description of strictly µ-semistable bundles in Proposition 4.1, it is clear that no other bundle belongs to the same s-equivalence class. Consequently, the map
Fix µ in the wall W . By Proposition 4.1, µ-stable bundles are of the form (E 1 , m). We identify
We are now in position to prove Theorem A when weights are in the wall. Proof. Let E = (E 1 , m) be a parabolic bundle. If E is stable, then it is the only parabolic bundle in its s-equivalence class. If E is semistable, Theorem 4.2 shows that it is the only parabolic bundle in its s-equivalence class having E 1 as underlying bundle. This shows injectivity, and surjectivity is also clear from Theorem 4.2.
Strict µ-semistability occurs when there is a degree 0 line subbundle L passing through both parabolic directions. For a generic choice of m 1 , there are two of these line subbundles passing through m 1 , thus defining generically two parabolic directions on the fiber of t 2 (see Proposition 3.3). Hence, the locus of strictly µ-semistable parabolic configurations is a curve of bidegree (2, 2) . Theorem 4.2 shows that this locus is exactly Γ.
When we move the weights µ outside the wall and inside the chambers, the family of µ-semistable bundles changes. More precisely, some of the formerly strictly µ-semistable bundles become stable, while some others become unstable. Therefore, points in Γ represent different isomorphism classes of bundles depending on the choice of weights. The following proposition summarizes the situation: Proposition 4.4. Let µ be a vector of weights outside the wall. Then, the moduli space Bun µ w∞ (C, T ) is still isomorphic to P m1 × P m2 . Each point in this space represent a single µ-stable bundle. Points outside Γ represent a single parabolic configuration (E 1 , m) with m not lying on the same line subbundle L ∈ Jac(C). Each point L ∈ Γ represents:
Proof. It is sufficient to show that the bundle E < (L) is µ-stable when µ 1 + µ 2 < 1 and µ-unstable when µ 1 + µ 2 > 1, and that the bundle E > (L) is respectively µ-stable and µ-unstable in the opposite chambers. This is proved by computing the parabolic µ-degree of L in each case.
We have proven that Bun µ w∞ (C, T ) is isomorphic to P 1 × P 1 for every µ. The same result holds for Bun • The chamber
We will thus adopt the notations Bun O (C, T ), where R is a convenient line bundle and µ 2 = (µ 1 , 1 − µ 2 ) (see Table 1 ). The wall and chambers change in even degree. The moduli spaces Bun µ O (C, T ) and Bun ν O (C, T ) represent the same bundles if, and only if, both weights µ and ν belong to the same set among the following three:
• The chamber
Recall that we have two kinds of semistable rank 2 vector bundles E of trivial determinant: the decomposable case, i. e. where E = L ⊕ L −1 with deg L = 0, and the indecomposable case E 0 ⊗ L k with L k a torsion line bundle. Let us start by fixing weights µ in the wall, as in the odd degree case. 
with parabolics not lying on the same L k .
Proof. By applying the elementary transformation Elm + t2 to the bundles of Proposition 4.1, we obtain the described bundles. The different cases L = L k and L = L k correspond in the odd degree setting to E 1 having one or two degree 0 bundles passing through m 2 .
Let us keep the notation Γ for the strictly µ-semistable locus in Bun µ O (C, T ). This locus is a curve parametrized by Jac(C) by Theorem 4.3, and the description of the bundles represented by the points in Γ is as follows:
there exists a unique L ∈ Jac(C) such that the point L represents the following three isomorphism classes of parabolic vector bundles:
Proof. One way to prove this result is to translate the situation of Theorem 4.6, computing the images of the bundles
. Let M ∈ Jac(C) be an arbitrary line bundle and L = M (t 2 + R), with 2R = −t 1 − w ∞ . We claim that
for * ∈ {<, >, =}. Let us prove the assertion for the first case. The bundle E < (M ) = (E 1 , m) has parabolic directions m lying on M ⊂ E 1 . If L = L k , Proposition 4.6 states that M is the unique degree 0 subbundle of E 1 passing through m 2 . This implies that the underlying bundle of Elm
is indecomposable, and thus equal to
The position of parabolic directions is given by the configuration in E < (M ). For k > 1, the proof is similar.
Alternatively, one can also show that strictly semistable configurations in the even degree case are given by Jordan-Hölder filtrations
) is the line subbundle over (C, t 1 ) (resp. (C, t 2 ) ). These give isomorphic graded bundles. Therefore, F < (L), and F > (L) are identified in the moduli space. Moving weights outside the wall, we find the same situation as in the odd degree case: some of the strictly semistable bundles F * (L) become stable, while some become unstable. • E = L ⊕ L −1 , with L = L k , and parabolic directions outside L and L −1 .
We follow the notation of the previous section: for µ in J < (resp. in J > ), we will denote by Bun 
We define the coordinate system on Bun 
The coordinate map in Bun
We will prove the following Proposition using the coordinate system in the odd degree case:
Proposition 4.8. The mapping ε is 1:1.
The coordinate system for Bun = w∞ (C, T ). Recall that T = t 1 + t 2 . Let us write t 1 = (t, s) and t 2 = (t, −s), where C = {y 2 = x(x − 1)(x − λ)}. Consider the maps ε 1 : C → P 1 z and ε 2 : C → P 1 w defined by
A straightforward calculation shows that, for j = 1, 2, the maps ε j are 2:1 with preimages of the form {p, ι tj (p)}, where ι is the involution defined in Section 3.1. Moreover, ε i (w k ) = k for k ∈ {0, 1, λ} since w k has coordinates (0, k). In particular, for k ∈ {0, 1, λ, ∞}, we have that the image of the point
w . Now we are in position to define our coordinate system ε on Bun = w∞ (C, T ). Let P be a point in Bun = w∞ (C, T ). By theorem 4.2, P represents a unique bundle of the form (E 1 , m) . By Proposition 3.3, the parabolic direction m 1 (resp. m 2 ) corresponds to a pair {p, i t1 (p)} (resp. {q, i t2 (q)}) for p, q ∈ C. The coordinate map in Bun Proof of Proposition 4.8. Let R = O C (r − w ∞ ) be a divisor such that 2R = w ∞ − t 1 = t 2 − w ∞ . Then, the following diagram is commutative: 
Elements of Bun
We see that the map m 1 → z(m 1 ) is bijective. We also define w(m 2 ) fixing this time m 1 , the map m 2 → w(m 2 ) is also bijective. Since the map elm + t1 ⊗ O(R) is an isomorphism of moduli spaces, the coordinate map
The relation between even and odd coordinates. Here we describe the coordinate change between even and odd degree moduli spaces. Remark that we have seen in the proof of Proposition 4.8 that this coordinate change is not canonical, since we have to choose a root of t 1 
For k ∈ ∆ = {0, 1, λ, ∞}, define the points p k := ι w k (r) and q k := ι w∞ (p k ).
Proposition 4.10. The map θ is given by θ = θ 1 × θ 2 , where θ 1 and θ 2 are the unique automorphisms of P 1 satisfying
In the generic situation, there exists M in Jac(C) such that m is defined by the intersection of unique subbundles M (−w ∞ ) and
, where n 1 is the intersection of L(R) and L −1 (R) and n 2 is the intersection of M (−R) and M −1 (−R). By our choice of p k and q l , we have also that L(R) = O(w k − w ∞ ) and M (−R) = O(w l − w ∞ ). By the definition of ε, we have that ε[E 1 , n] = (k, l).
We can repeat the arguments in this proof fixing L and varying M , or viceversa. In particular, θ = θ 1 × θ 2 .
The group of automorphisms and the Torelli result
We are now interested in simple parabolic bundles over (C, T ). The following Proposition: Proposition 5.1. Let (E, p) be a rank 2 parabolic bundle over (C, T ). Then (E, p) is simple if, and only if, it is µ-stable for some µ.
Proof. Since simplicity is preserved by elementary transformations and twists, we can assume det E = O(w ∞ ). Bundles in Bun Simple bundles are then parametrized by the non-separated scheme
constructed by patching the two charts
, where we identify identical parabolic bundles along X < \ Γ and X > \ Γ.
In this Section, we will study some of the automorphisms of this moduli space and in Section 7 we will prove that there are no more. Automorphisms of Bun O (C, T ) consist of pairs of maps (ψ 1 , ψ 2 ) that coincide on the gluing locus and that satisfy one of the following two conditions:
• Each ψ k is an automorphism of X * leaving invariant Γ, or • The maps ψ 1 : X < → X > and ψ 2 : X > → X < are isomorphisms leaving invariant Γ. By analytic continuation, it is sufficient to explicit only one of the ψ k to completely define the corresponding automorphism.
Twist automorphisms. The twist by a torsion line bundle L k induces an automorphism between the charts X <
It is clear by construction that these isomorphisms coincide on the complement X k \ Γ of the strictly semistable loci, thus they extend to a global isomorphism
Since the µ-stability index is left unchanged under ⊗L k , this automorphism preserves Γ. We will call this mappings twist automorphisms. Remark that ⊗L ∞ is the identity map and ⊗L 0 • ⊗L 1 = ⊗L λ . Our aim now is to compute these twists in terms of the coordinate system ε defined in Section 4.3.
Proposition 5.2. Let k ∈ {0, 1, λ, ∞}. Then, in the coordinate system given by ε, the mapping ⊗L k is expressed as follows:
with β k the map defined in Proposition 3.1.
Proof. Let (E, l) be a parabolic bundle in X < . We will now compute the images
The twist by L k in Bun < O (C, T ) corresponds to tensoring each of these bundles by L k . Hence, the first (resp. the second) argument of the mapping ⊗L k depends only on the first (resp. the second) coordinate. Finally, these maps are the twists appearing in Proposition 3.1, i. e. those making the diagram
The elementary automorphism. Consider the map φ T introduced in Section 4.3. Since every bundle in X < also appears in Bun = O (C, T ), φ T is well defined on X < . Recall that elm + T changes the weights µ i into 1 − µ i . It follows that φ T permutes X < and X > . We will hence consider the map φ T : X < → X > . The description of this map in our setting is the following: Proposition 5.3. In the coordinate system defined by ε, the mapping φ T is just the mapping that exchanges coordinates between the two factors, i. e. it is the map
w . In the generic situation, L = L −1 and there are unique subbundle inclusions M (−w ∞ ) ⊂ E and M −1 (−w ∞ ) ⊂ E defining a parabolic configuration (E, m) over (X, T ) with both parabolic directions outside L and L −1 . Then, by the properties of elementary transformations, we have
as stated.
In particular, we have that the curve Γ ⊂ P 1 z × P 1 w is invariant under the transformation (z, w) → (w, z).
The odd degree case. The former automorphisms can also be defined on the odd degree case, namely for the moduli space Bun w∞ (C, T ). We will show that they have the same coordinate expression than in the even degree case.
Proposition 5.4. The twist automorphism Bun w∞ (C, T )
is expressed as follows in the coordinate system ε:
Proof. It is enough to prove the assertion on X < . Let [E 1 , m] ∈ X < be an arbitrary point. By Proposition 3.3, the direction m j is defined by two line subbundles O(p j − w ∞ ) and O(ι tj (p j ) − w ∞ ), for j ∈ {1, 2}. Twisting by L k yields the involution of Proposition 3.1 on each of these subbundles.
The map φ T is defined in the same way as in the even degree case: it is the elementary transformation elm + T followed by the twist by O(−w ∞ ). Proposition 5.5. In the coordinate system ε, the mapping φ T is the map
defined by φ T (z,w) = (w,z).
5.1.
The Torelli result. By Theorem 4.2, the strictly µ-semistable locus Γ in the moduli space Bun = O (C, T ) is an embedding of Jac(C), which is itself isomorphic to C. Hence, the curve C is naturally embedded in the moduli space. Here we show that this embedding also contains the information about the divisor T .
Let ε be the coordinate system defined in Section 4.3. Let (z 0 , w 0 ) ∈ P 
Then, the vertical line V z0 is tangent to Γ if, and only if, z 0 ∈ ∆. Similarly, the horizontal line H w0 is tangent to Γ if, and only if, w 0 ∈ ∆. Since Γ is invariant under the transformation (z, w) → (w, z), H w0 is a tangent horizontal line if, and only if, V w0 is a tangent vertical line.
The following Theorem is the explicit version of Theorem B:
Proposition 5.7. Let k ∈ ∆ and V k be a vertical tangent to Γ. Let (k, w 0 ) ∈ P 1 z × P 1 w be the tangency point. Then, there exists an element g ∈ PGL(2) such that g({0, 1, λ, ∞}) = {0, 1, λ, ∞} and g(w 0 ) = t.
Proof. Assume k = 0 and let P = (0, w 0 ) be the tangency point with Γ. By definition of ε, P represents parabolic bundles with underlying bundle O ⊕ O or E 0 . Since P is in Γ, we have that
Consider the bundle F < (O) = (E 0 , p), where p 1 ⊂ O ⊂ E 0 and p 2 ⊂ O. Let q ∈ C be the unique point such that the subbundle L = O(−q) passes through both p 1 and p 2 .
Let us apply the mapping φ T to F < (O). After the first elementary transformation elm
, where p ′ 1 is outside both factors and p ′ 2 lies on L(t 1 ). Therefore, the underlying bundle of elm
Since detF = O, it follows that q = t 1 and w 0 = Tu[F ] = t, thus we choose g = id.
For a k ∈ ∆ \ {0}, the above discussion holds if we multiply every bundle by L k . The final underlying bundle is (2) . We have to show that there are one-to-one correspondences between the sets
For the first correspondance, consider the elliptic curve Γ ⊂ P 1 × P 1 and the elliptic cover given by the first projection π :
The divisor T is given by the preimage of the point t defined in Proposition 5.7. This divisor is invariant by G again by Proposition 5.7. The inverse map is given by our construction of the moduli space Bun O (C, T ).
The second correspondance is given by the elliptic cover π : C → P 1 such that π(t 1 ) = π(t 2 ) = t, and its ramification divisor D.
A map between moduli spaces
Let W = 0 + 1 + λ + ∞ and D = W + t be reduced divisors on P 1 . Let C be the curve defined by the equation y 2 = x(x − 1)(x − λ). Consider the divisors W = w 0 + w 1 + w λ + w ∞ and T = t 1 + t 2 on C respectively supported by the Weierstrass points and by the two preimages of t under the hyperelliptic cover π. Let D = W + T .
We study in this Section a map Φ between the moduli spaces Bun
, with fixed weights µ and µ. The first space is the moduli space of µ-semistable rank 2 parabolic vector bundles of degree 0 over (P 1 , D). This moduli space is described and constructed in [11] . More precisely, the authors consider the full coarse moduli space Bun −1 (P 1 , D) of degree −1 parabolic bundles (P −1 (t) in their notation). They construct this space by patching projective charts consisting on moduli spaces Bun ν −1 (P 1 , D) of ν-semistable bundles. Let us describe two of these charts. The chart V corresponds to the moduli space Bun
, and is isomorphic to P 2 . It consists of those indecomposable parabolic bundles of the form E = (O P 1 ⊕ O P 1 (−1), n) with no n i lying in O P 1 and not all n i lying in O P 1 (−1) (see Proposition 3.7 of [11] ). There are 16 special geometric objects in V , namely:
• Five points D i for i ∈ {0, 1, λ, ∞, t}.
• Ten lines Π ij joining D i and D j .
• The conic passing through all D i . LetΩ be the set of these objects. The chart S corresponds to the moduli space with democratic weights ν such that 1 3 < ν < 3 5 . As a projective surface, it is isomorphic to the blow-up of the five points D i in P 2 . This is by definition the del Pezzo surface of degree 4 (see [6] ). In particular, the exceptional divisors Π i of D i and the total transforms of Π ij and Π constitute 16 (−1)-curves in S. We will keep the notation Π ij and Π for the total transforms when there is no risk of confusion.
There are exactly five (−1)-curves intersecting Π, namely the Π i 's, and the chart V is obtained as the blow-down of these 5 curves. Similarly, there are 5 (−1)-curves intersecting Π i , namely Π and Π ij for j = i. The other charts are isomorphic to projective surfaces obtained by blow-downs of some of these (−1)-curves.
The open set
of generic parabolic bundles is common to every chart. The final non-separated patching is made via the blow-down birational maps between the charts (see Theorem 1.3 in [11] ).
6.1. Defining the map Φ. Let us start by fixing weights µ = (
, where the free weight µ corresponds to the point t. Consider the associated moduli space Bun
is well-defined by the properties of elementary transformations. Let U 0 be the image of U −1 by this map. We have the following result:
Every bundle in U 0 has trivial underlying bundle.
Proof. The map elm + 0 is an isomorphism of moduli spaces preserving µ-stability. A straightforward calculation shows that all bundles in the families Π, Π i , and Π i,j ⊂ Bun
For the second assertion, remark that every parabolic bundle E in U −1 can be written as
. By properties of elementary transformations, elm + 0 (E) has trivial underlying bundle.
Let us now define the mapping Φ. Let E be a parabolic bundle in Bun D) . Consider the pullback bundle π * E of E: it is a parabolic bundle over (C, D). The bundle π * E is µ ′ -semistable, where µ ′ = (1, 1, 1, 1, µ, µ) . Consider the following composition of maps:
The weights here are µ ′′ = (0, 0, 0, 0, µ, µ) and µ = (µ, µ). The first map is the positive elementary transformation over W . The second map forgets parabolic directions over W and keeps those over T . Because of the nullity of the weights over W , this map preserves the stability notion. The last map is the twist automorphism, with M = O C (−2w ∞ ).
Let φ W be the composition of these four maps. The map Φ is the composition of π * and φ W :
Notice that the role of t ∈ P 1 in the definition of this map is different from the roles of the other points in D. We have defined a morphism Φ :
between our moduli spaces. 6.2. Computing the map Φ. First, we will compute the map Φ| U0 . For c, l ∈ P 1 , consider the set
. of parabolic bundles on (C, D), where m := (0, 1, c, ∞, l, l). Since π(t 1 ) = π(t 2 ), the parabolic directions over t 1 and t 2 of π * E are the same. Thus, π * is a birational map between U 0 and U C . We will use the coordinate chart U C ∼ = P 
D (E) be the set of degree −3 line subbundles of O C ⊕ O C passing through m| D . Then, there is a point q ∈ C such that
Proof. Let us prove the assertion for S −2
. The projective dimension of this space is 3 by Riemann-Roch. This means that there is an inclusion L ֒− → O C ⊕ O C such that L passes through three parabolic directions, say m 0 , m 1 and m λ . By movingp in C we move on the fiber of w ∞ . This constitutes a 2:1 covering of P 1 , hence there are generically two points p and
Proof. Consider the trivial rank 2 vector bundle O C ⊕ O C and its projectivization C × P 1 . Let m = (0, 1, c, l, l, ∞) be a parabolic configuration on
We want to compute the ε-coordinates of (E, n) in terms of (c, l).
There exists p ∈ C such that 
In order to prove the claim, consider the pullback of the section s W by π. It is a curve of bidegree (2, 2) in P(O P 1 ⊕ O P 1 ) = P 1 z × P 1 w having vertical tangencies over the ramification points 0, 1, λ, ∞ ∈ P 1 z and intersecting the horizontal w = ∞ in two points with base coordinates z 0 = ∞ and z 1 = π(p) respectively (see Figure 1 ). This curve is defined by a bidegree (2,2) polynomial P (z, w) satisfying the former conditions, which translate to 8 polynomial equations on the coefficients of P . Solving this polynomial system yields z 1 = λ c−1 c−λ . For the second coordinate, we have that with M = O(q − w ∞ ) for q ∈ C. The preimages of M and intersects the constant section y = l in three points having base coordinates t 1 , t 2 and ι w∞ (p) (resp. t 1 , t 2 and p). The pullback of these cross-sections by π is a curve of bidegree (3, 2) on P 
This map extends to a 2:1 rational mapΦ :
w by analytic continuation.
6.3. The special locus ofΦ and the geometric configuration on P 2 b . In this Section we will relate the setΩ of 16 geometric objects in P 
The cubic Σ passes through the 5 points D i and is tangent to Π in D t . This cubic is precisely the preimage of Γ ⊂ P
The action ofΦ on the 16 objects. There are four vertical lines V i and four horizontal lines tangent to Γ (see Section 5.1):
w | w = i} with i ∈ {0, 1, λ, ∞}. The mapΦ sends each curve ofΩ to one of these tangents lines to Γ in the following way:
• For i = t, the line Π it is sent to V i .
• The conic Π is sent to H ∞ .
• For {i, j, k} = {0, 1, λ}, the lines Π i∞ and Π jk are sent to H i .
The desingularisation map Φ. The mapΦ is birational with base points D i . Hence, there exists a morphism Φ such that the following diagram commutes:
The vertical map is the blow-up of the 5 points D i in P u,v , and the covering morphism is given by the projection onto u. The 2:1 covering of P 1 z × P 1 w is thus given by the quadratic forms t 2 = g and f = 0 in P 4 u,v . Since the intersection is smooth, the covering is a del Pezzo surface of degree 4 (see for example [6] , Section 8.6). Since the map Φ is also 2:1 with ramification locus Γ, it is the covering map.
Let Ω = {Π i , Π ij , Π}. From the description ofΦ onΩ, we get that the elements of Ω are sent by Φ to vertical and horizontal tangents to Γ as follows (see Figure 2 ):
• For i = t, the exceptional divisor Π i and the line Π it are sent to V i .
• The exceptional divisor Π t and the conic Π are sent to H ∞ .
• For {i, j, k} = {0, 1, λ}, the lines Π i∞ and Π jk are sent to H i . Each (−1)-curve is mapped by Φ bijectively onto its image.
The involution τ of Bun
, therefore the map τ is an automorphism of this moduli space.
Proposition 6.5. The mapping τ is the involution induced by Φ. More precisely, τ satisfies Φ• τ = Φ and it is not the identity.
Proof. Locally, PE is a product U x × P Let us now apply an elementary transformation to (E, p). We obtain the coordinate transformation (x, y ′′ = y/x). The pullback gives
The elementary transformation of π * (E, p) is locally given by (z,ỹz = y/z = y ′ ) (notice that the parabolic point is now at y ′′ = ∞). We have shown that the parabolic bundles (E, p) and elm p (E, p) have the same image by pullback followed by elementary transformation on a point. Since the arguments are local, the result holds also for φ T .
The map τ is a degree 3 birational transformation of P 2 b (see Table 2 ). The vanishing locus of its Jacobian determinant is exactly the union of the geometric objects inΩ.
The de Jonquières automorphism. Let P be a point in P 2 b . The line Π P,Dt passing through P and D t and the conic Π P passing through the five points D i for i = 0, 1, λ, ∞ and P intersect generically in two points, which are P and τ (P ).
The involution τ is given by the intersection of two foliations on P D) . Since µ-stability is preserved by elementary transformations, we obtain again that the image Φ(Σ) is the curve Γ of Section 4.
The action of τ on Ω is summarized in Table 3. 7. The del Pezzo geometry and the group of automorphisms Let Aut(S) be the group of automorphisms of the del Pezzo surface S. We have the following Theorem:
Theorem 7.1. The group Aut(S) is isomorphic to (Z/2Z) 4 and acts transitively and freely on Ω.
Proof. See, for example, Chapter 8 of [6] .
In particular, every automorphism of S is an involution and it is uniquely defined by the image of a (−1) curve in Ω. This set is invariant under Aut(S).
7.1. The group of automorphisms Aut(P Table 2 . The involutions τ , σ k and ψ T in the projective coordinates b. Here τ = (τ 0 : τ 1 : τ 2 ), σ k = (σ k0 : σ k1 : σ k2 ) and ψ T = (ψ T 0 : ψ T 1 : ψ T 2 ).
These involutions act transitively on the set of vertical and horizontal tangents to Γ: the involution φ T exchanges verticals and horizontals, and the twistsσ k act separately on horizontal and vertical tangents as double transpositions. More precisely, for k ∈ {0, 1, λ},
•σ k (H i ) = H j andσ k (V i ) = V j for {i, j, k} = {0, 1, λ}.
• φ T (H i ) = V i . Let Aut(P 3 , and it is generated by the involutionsσ k and φ T .
Proof. The group Aut(P 1 z × P 1 w ) is isomorphic to PGL(2) × PGL(2). Let γ be an automorphism preserving Γ. Then, γ must preserve the set T of vertical and horizontal tangents to Γ. Also, γ is completely determined by its action on this set. The subgroup of Aut(P 1 z × P 1 w , Γ) of elements preserving verticals is generated by {σ k }, and the group of automorphisms preserving T is generated by {σ k , φ T }.
Each involutionσ k lifts to two automorphisms σ k and σ k • τ of S. These involutions act transitively on the set Ω. Choose σ k to be the lift ofσ k such that σ k (Π t∞ ) = Π k (and thus σ k • τ (Π t∞ ) = Π tk , and σ ∞ = τ ). Finally, let ψ T be the lift of φ T such that ψ T (Π t∞ ) = C. The action of these involutions on the set Ω is summarized in Table 3 .
←→ Π k for {i, j, k} = {0, 1, λ} Table 3 . The action of the involutions τ , σ k and ψ T on the set Ω.
By Proposition 7.2, the subgroup of Aut(S) generated by σ 0 , σ 1 and ψ T is isomorphic to Aut(P 
